We investigate the nonlinear evolution of the Bales-Zangwill instability, responsible for the meandering of atomic steps on a growing vicinal surface. We develop an asymptotic method to derive, in the continuous limit, an evolution equation for the two-dimensional step ow. The dynamics of the crystal surface is greatly inuenced by the anisotropy inherent to its geometry, and is characterized by the coarsening of undulations along the step direction and by the elastic relaxation in the mean slope direction. We demonstrate, using similarity arguments, that the coalescence of meanders and the step ow follow simple scaling laws, and deduce the exponents of the characteristic length scales and height amplitude. The relevance of these results to experiments is discussed.
two steps-process, to obtain by subsequent heteroepitaxy, self-organized arrays of quantum dots 5, 6, 7 . The physical description of the epitaxial surface growth depends on the characteristic lengths involved in the surface dynamics, from atomic processes (surface reconstruction and faceting) to gross macroscopic features (self-organization of nanostructures) 8, 9 . At the mesoscopic scale of steps and terraces, the standard approach of Burton, Cabrera, and Frank 10,11 completed with appropriated expressions for the equilibrium concentration and kinetic conditions, allows a fairly complete description of the vicinal surface. However, the macroscopic behavior of the vicinal surface, in particular the longtime nonlinear evolution of step bunches and meanders, can be more suitably accounted by a continuum model in terms, for instance, of partial dierential equations for the surface height 12, 13 .
In the continuum approach, initiated by Herring 14 and
Mullins 15 , the surface morphology is determined by the surface energy (γ S , which is anisotropic in general) and the surface diusion (characterized by the diusion coefcient D S ). It is easy to incorporate into this model other thermodynamical contributions as, for instance, the elastic energy 16 . To be more specic, let us consider the epitaxial growth of a crystal under a ux F of atoms, relevant to molecular beam epitaxy experiments. 11, 13, 17 We denote a the height of an atomic layer. The front shape is given by the function h(x, y, t) of the Cartesian coordinates (x, y) and the time t. The thermodynamical state of the system is specied by a free energy functional F[h] of the crystal prole; the chemical potential per monolayer will be µ(h) = aδF/δh as in the CahnHilliard model. 18 Therefore the conservative dynamics of the interface satises the Mullins equation 15 :
where k B is the Boltzmann constant and T the temperature. Equation (1) is a mass conservation equation
with the current j ∼ −∇µ(h). In the simplest case the chemical potential is proportional to the surface curvature µ = a 3 γ S κ, and using a linear approximation, one obtains the evolution:
where we dened a mobility B S = a 4 D S γ S /k B T . However, this approach, based on a free energy functional, valid for near-equilibrium conditions, prove to be insucient when kinetic processes become important. Indeed, the attachment of adatoms to steps modies the mobility coecients (like B S ), and, coupled to external uxes, can introduce new eects not related to a chemical potential. In particular, the appearance of step ow instabilities, bunching or meandering, cannot be described, in the continuum limit, by an evolution equation such as
(1) with µ derived from a variational functional. One example is the Bales-Zangwill instability 19 , which in the weak nonlinear regime is described by the dimensionless equation 20, 21 ,
where u = u(y, t) is the rescaled step shape (y is the step-wise direction). The rst term on the right hand side, which is responsible for the instability, vanishes if the ux or the kinetic attachment barriers are absent. ux and cannot be derived from a free energy functional.
We investigate in this paper, the inuence of the vicinal surface anisotropy on the two-dimensional dynamics of the meandering instability.
The meandering instability, rst investigated by Bales and Zangwill 19 , results from the dierence in the attachment kinetics of adatoms approaching a step in opposite directions, from the upper and lower terraces. The distinct neighborhood of an adatom sitting just above or at a step implies a dierence in the height of the energy barriers that introduces a dierence between the lower ν + and upper ν − attachment coecients, the so-called EhrlichSchwoebel eect 22, 23 . Neglecting evaporation eects the instability growth rate, as mentioned above, is proportional to the ux and to the dierence in kinetic coe- 37, 38, 39, 40 and the elastic interactions between steps 27 (in a onedimensional approximation). This strong nonlinear model reproduces at least qualitatively, the meandering observed in metals 41 , when desorption and nucleation can be neglected. The two-dimensional eects, together with mound formation were studied using kinetic Monte-Carlo simulations 42, 43, 44, 45, 46 .
In the case of semiconductors the coexistence of different kinetic instabilities leads to two-dimensional morphologies characterized by step bunches and meanders.
In some circumstances, bunching and meandering is also present in metals 31, 47 . Instability mechanisms operating in Si(001), based on the diusion anisotropy that results from the surface reconstruction of alternating terraces, were found for bunching 48 and meandering 20 . One of the salient features of these two-dimensional patterns is their coarsening: roughening amplitude and length scale follow growing power laws. A unied continuum model of the bunching and meandering instability is lacking, even if phenomenological models can qualitatively account for some of its properties 42, 47, 49 . The diculty is to systematically derive, from the mesoscopic adatom diusion model, a continuum limit that in addition to the kinetic processes, takes into account the step elastic interactions in its full two-dimensional form. In this
paper we obtain such a model in the simplest physical situation, where only the meandering instability is present and local step interactions are considered. Under these assumptions we can develop a weak amplitude nonlinear expansion of the Burton, Cabrera and Frank equations.
Our two-dimensional model of the meandering instability contrasts to previous ones which treated the nonlinear evolution of an in-phase pattern, thus reducing the problem to the (one-dimensional) dynamics of a single step.
In the following section II we present the basic equations, essentially the Burton, Cabrera and Frank model.
Section III deals with the weak nonlinear expansion of the adatom diusion equations, that allow us to derive in the continuum limit a dierential equation for the surface height. In IV we study the evolution of the system by the numerical integration of the vicinal surface equation, and we derive using a self-similar solution, the asymptotic scaling laws for the amplitude and characteristic lengths.
The last section V presents a discussion about a possible generalization of the model to include step bunching, and a concluding summary.
II. STEP FLOW: ADATOM DIFFUSION

EQUATIONS
The geometry of the vicinal surface schematically represented in Fig. 1 , can be described by the set of curves
The terrace T n of initial size l 0 , is bounded by the upper step x n−1 and the lower step x n ; its slope is then −m = −a/l 0 . We dene the external normal and curvature of step n by
respectively.
In the absence of an external ux F , there is an equilibrium concentration C eq,n of adatoms on the surface. This concentration, which is in general not uniform, depends on the curvature and elastic interactions of steps; it is determined by the surface chemical poten-
C eq,n = C 0 e µn/kBT ,
at temperature T . C 0 is the adatom concentration corresponding to the reference vicinal surface, the one consisting of equidistant straight steps. The rst contribution µ (c) n to the chemical potential takes into account the step curvature, and is given by the Gibbs-Thomson relation,
with γ s the step stiness (Ω = a 2 the atomic area).
The second contribution µ (e) n results from the dipole moments created by the broken bonds at each step, and depends on the distance x between steps (see for instance
Marchenko 50 or Duport et al. 51 ): 52 , the ratio between the innite series and one term of the sum (7) is π 2 /6.
Under usual experimental conditions the energies associated to the step stiness and the elastic repulsion are much smaller than the thermal energy, so the equilibrium concentration at step n can be written as,
where we introduced the nondimensional parameters
It is worth noting that the equilibrium concentration changes with the geometry of the vicinal surface through the curvature of steps and their separation, it is used in fact as a reference to compute the supersaturation.
In the presence of an external ux, the evolution of the adatom concentration C n = C n (x, y, t) is well described by a quasi-stationary diusion equation, as originally proposed in the model of Burton, Cabrera and
where D is the adatom diusion coecient, and the source term F is the deposition ux (number of atoms per unit time and unit surface). In (10) At steps, the boundaries of a terrace, adatoms are attached with a velocity rate ν − if they come from the upper terrace, or ν + if they come from the lower one. The
Bales-Zangwill meandering instability 19 appears in the case where ν + > ν − , the Ehrlich-Schwoebel eect 22, 23 .
These parameters characterize the attachment kinetics that controls the ux of adatoms, then xing their concentration at the terrace boundary:
for the upper step and,
for the lower one. The step ow results from the balance between the diusion uxes (11) and (12) at each step.
The normal velocity is given by
Equations (10), (11), (12) and (13) form a complete system from which we can determine the relevant physical parameters. It is convenient to introduce a reduced con-
and nondimensional parameters related to the ux and the attachment coecients,
as well as to normalize lengths with l 0 (the terrace width) and time with l 2 0 /ΩDC 0 , as derived from the normal velocity (13) . Using these parameters we can write the set of equations in nondimensional form:
Equations (16) (17) (18) (19) describe at a mesoscopic level the diffusion of adatoms on a terrace n of a vicinal surface, driven by the external ux f and controlled by the attachment kinetics α ± , the stiness γ, and the elasticity β of the bounding steps.
III. VICINAL SURFACE EQUATIONS IN THE CONTINUUM LIMIT
A stationary train of straight steps, advancing at constant velocity x n = n + f t is an unstable solution of the step ow. A perturbation ξ(y, n, t) of the step prole,
induces a modication of the terrace adatom concentration in the form c n (x, y, t) = c n (x + f t) + φ(x, y, n, t) ,
where the rst term is the stationary parabolic concentration:
solution of (16) with the boundaries (17) and (18) in the case of straight steps, ξ(y, n, t) = 0. Note that as the ux f tends to zero, the step velocity and the concentration vanish.
We are interested in obtaining the growth rate of the meandering instability in the long wavelength, continuum limit. In this case it is sucient to consider the in-phase mode with φ(x, y, n, t) = φ(x, n, t)e iqy ,
and ξ(y, n, t) = ξ(t)e i(kn+qy)
where φ(x, n, t) and ξ(t) are small amplitudes, and (k, q)
is the wavevector of the perturbation. The long wavelength limit is obtained by making a development in powers of the wavevector (up to the forth order). To compute the continuum limit we introduce the notation ∆n = (n + 1) − n for the separation between two steps. In this limit both lengths, the steps separation l 0 and the step height a tend to zero, but the slope m = a/l 0 must be kept constant. Therefore, we formally have,
and assume that ξ is a smooth function of n, in the limit ∆n → 0. The elastic term at x = x n in the boundary conditions becomes
and a similar expression for the boundary at x = x n−1 , where the numerator in ∆n 2 ensures the correct limit when ∆n → 0 (we omitted the dependence in y and t).
We know that the meandering instability is driven by the ux f and the dierence in attachment coecient δ = α + − α − . We replace (20) and (21) in the diusion equations and retain the lowest order in ∆n, f , and δ to get the real part of the dispersion relation:
and the imaginary part
where α = α − and the amplitudes grow as φ, ξ ∼ e σt−iωt .
The rst term in (27) is the destabilizing one, it is proportional to the product f δ. If the long wavelength limit is introduced by replacing k, q → k, q, in order to keep all terms we must assume that, near the instability threshold, the parameters can be considered small such that:
where the last two relations guarantee the balance of the instability growth term with the stiness and elastic relaxation terms. Using these relations all terms in σ become order O( 6 ), and order O( 4 ) in ω, suggesting the introduction of two time scales, 6 t (instability and relaxation) and 4 t (dispersive waves).
To summarize, the weak amplitude expansion of the step shape must be of the form,
x n (y, t) = n + ξ( y, n; 6 t, 4 t) , (30) and that of the concentration,
where the variable x is itself a function of through the boundary conditions, and the scaling (29) is assumed.
The equations of the model, become in terms of the slow variables:
with (1, − 2 ∂ y ξ(y, n − ∆n) · (∂ x c(x, y, n), ∂ y c(x, y, n))
(33) at x = n − ∆n + ξ(y, n − ∆n), and (1, − 2 ∂ y ξ(y, n) · (∂ x c(x, y, n), ∂ y c(x, y, n))
(34) at x = n + ξ(y, n), where
and the normal velocity,
where the implicit dependence on the time variable is understood (time derivatives appear only in the explicit expression of the normal velocity). Using the expansion (30) (31) together with the Taylor series in ∆n of ξ(y, n ± ∆n), one may solve (32) with the boundary conditions (33) (34) to obtain a series in of the normal velocity (36); a few terms of this series are:
where the higher order terms (h.o.t), terms having higher order derivatives or powers in the step shape amplitude ξ(y, n), are shown to be irrelevant in the continuum limit. Note that in (37) the derivatives of ξ(y, n) with respect to n are themselves functions of the small parameter .
This can be made explicit using the representation of the surface in terms of the height function h(x, y, t) satisfying the compatibility condition, F(n, y, t) = z n + h(x n (y, t), y, t) = 0 , (38) which signies that h = const. at a height level z n = (N − n)a/l 0 , x = x n (y, t) = n + ξ(y, n, t). In this representation the steps are the level contours of the surface z = h.
Using the derivatives of F(n, y, t) with respect to n and y one obtains the derivatives of ξ in terms of derivatives of h. Typical derivatives are:
etc. Moreover, the height itself deviates slightly from the mean slope m (in the continuum longwave approximation) h(x, y, t) = −mx + u( x, y, t). Keeping terms up to order 6 (even number of derivatives) and 4 (odd number of derivatives) that correspond to the two time scales, one obtains the normal velocity expressed in terms of the reduced height u(x, y, t), with (x, y, t) the slow variables and with ∆n = = 1, 
and a moving frame with velocity f t (this eliminates the rst order derivative in x). Equation (40) is the base of our numerical study of the morphological evolution of the vicinal surface under the Bales-Zangwill instability. 
0 /ΩDC 0 ) T , and u 0 = l 0 U , for lengths, times and heights, respectively.
We show the evolution of the vicinal surface at dierent times in Fig. 2 . The horizontal axis is in the stepwise direction y, it gives the shape of the meanders, and the vertical one is in the terrace direction x, it follows downhill the mean slope, the third axis represent the uctuations of the surface shape u(x, y, t). We observe that the height scale, as well as the size of the structures steadily increase in time, which are characteristics of a coarsening dynamics. The surface develops in time an anisotropic pattern with parabolic meanders spanning in the y-direction together with complex uctuations in the x-direction. In order to visualize the shape change of the surface in both directions we represent in Fig. 3 cut of the height (for example at the edge of the box) at xed y and x. Coarsening is observed along both directions, although the coarsening dynamics diers between step ow (x-direction) and meanders (y-direction). In the y-direction the meanders are composed by a series of parabola-like segments reminiscent to the evolution of the one dimensional meandering instability 21 ( Fig. 3b ).
In particular, at late times, the system instead of tending towards a quasi-one-dimensional in-phase state with large meanders as would be dictated by the sole linear instability, a full two-dimensional state with persisting uctuations remains (c.f. Fig. 2(d) ).
Using data from the time evolution one can compute the roughness
(in our case the mean value u = 0 vanishes) it is represented in the graph of Fig. 4 , in logarithmic scales. We can t the long time roughness by a power law w ∼ t β with exponent β = 1.06.
In order to characterize the inherent anisotropic evolution of the surface morphology it is convenient to dene characteristic lengths along both directions, perpendicu-
and parallel λ y to the steps,
where u kq (t) is the spatial Fourier transform of u(x, y, t). Figure 5 shows the behavior of λ x,y (t) and the power law ts. At long times we obtain exponents of α x = 0.25 and α y = 0.52, for λ x and λ y , respectively. This behavior can be correlated with the evolution of the power spectrum of the height uctuations It is straightforward to explain the power laws observed in the numerical simulation of (40); a simple similarity argument suces. Equation (40) satises the conservation relations,
the mean value of u is constant, and
the amplitude grows by the instability term preferentially in regions of strong gradients; therefore, as in the onedimensional case 20 , the amplitude increase is controlled by the balance of the instability with the nonlinear term.
On the other hand, we note that at long times the dispersive wave terms are dominated by the instability, relaxation and nonlinear terms. Indeed, linear terms give 
Putting the similarity ansatz, u(x, y, t) = t β U x t αx , y t αy (46) into (45) one obtains the power law exponents β = 1, and α x = 1/4, α y = 1/2, close to the numerical results (c.f We note that the long time eective dynamics described by Eq. (45) is independent of the physical parameters. It accepts, as the original equation (40), particular one-dimensional solutions u = u(x, t) or u = u(y, t).
However, the equation is not separable (the product func- after the deposition of 300 monolayers. 54 In particular, at this late stage of the surface evolution, the form of the Fourier spectrum (inset) is somewhat similar to the one of Fig. 6 , but with the roles of k x and k y inverted.
A possible form of the bunching-meandering instability equation is,
where ∇ = (∂ x , ∂ y ) and the linear operator L is in Fourier space, of the form
with a, b constants that control the bunching and meandering instability growth rates, respectively, and λ, A, B.C = const. depending on the physical parameters, in particular λ must be proportional to the ux.
Indeed, the nonlinear term is a generalization of the F ∂ x (1/h x ) term, proportional to the ux, appearing in the unstable step ow. Derivation of (47) from a microscopic model deserves further investigations. More generally the method introduced in this paper, valid in the weak amplitude, long wavelength approximation, applied here to the meandering instability, can be adapted to more general cases, notably to the case of heteroepitaxial growth of thin lms on vicinal surfaces.
